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Abstract
The planar interface of an ordinary, isotropic, homogeneous, dielectric material
and a hyperbolic, dielectric, structurally chiral material can support the propaga-
tion of one or multiple Dyakonov–Tamm waves, at a specified frequency and along
a specified direction in the interface plane. When multiple Dyakonov–Tamm waves
can exist, they differ in phase speed, propagation length, degree of localization to
the interface, and spatial profiles of the associated electromagnetic fields. Depen-
dence on the relative permittivity scalar of the isotropic partnering material suggests
exploitation for optical sensing of analytes.
1 Introduction
The Dyakonov wave is an electromagnetic surface wave guided by the planar interface of
two homogenous dielectric materials, at least one of which is anisotropic. The existence of
the Dyakonov wave was predicted in the 1980s [1, 2] and experimentally verified about five
years ago [3]. The Tamm wave is guided by the planar interface of two isotropic dielectric
materials, at least one of which is periodically nonhomogeneous in the direction normal
to the interface. Predicted in 1977 [4], Tamm waves were experimentally observed shortly
thereafter [5] and are being applied for optical sensing of analytes [6, 7].
Whereas the anisotropy of a partnering material provides the Dyakonov wave a sen-
sitivity to the direction of propagation [8], the periodic nonhomogeneity of a partnering
material is responsible for multiple Tamm waves to propagate in any direction [9]. Both
of these attributes are combined in Dyakonov–Tamm waves, whose propagation is guided
by the interface of two dielectric materials, one of which must be anisotropic and period-
ically nonhomogeneous normal to the interface [10, 11]. Recently, the existence of these
Dyakonov–Tamm waves was confirmed experimentally using a prism-coupled configura-
tion [12].
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In the foregoing papers on Dyakonov–Tamm waves, one partnering material is an ordi-
nary, isotropic, homogeneous, dielectric material with a purely real relative permittivity
εiso > 0, whereas the real part of the relative permittivity dyadic εani of the anisotropic,
periodically nonhomogeneous, dielectric partnernering material is positive definite, i.e., all
three eigenvalues of ε
ani
have positive real parts [13]. What would happen if Re(ε
ani
) were
indefinite, i.e., if either one or two of its eigenvalues had negative real parts, the remain-
ing having positive real parts? Such materials are nowadays called hyperbolic materials.
Homogeneous hyperbolic materials exist in nature [14, 15, 16] and have also been manu-
factured [17, 18]. Periodically nonhomogeneous hyperbolic materials appear very likely to
be manufacturable [19] using physical-vapor-deposition techniques [20, 21].
In this Letter, we present the results of our investigations on Dyakonov–Tamm waves
guided by the planar interface of an ordinary, isotropic, homogenous, dielectric material and
a hyperbolic, dielectric, structurally chiral material which is nonhomogeneous in the direc-
tion normal to the interface. Section 2 briefly describes the relevant one-point boundary-
value problem. Numerical results are provided and discussed in Sec. 3. An exp(−iωt)
dependence on time t is implicit, with i =
√−1 and ω denoting the angular frequency.
2 Theoretical Preliminaries
The one-point boundary-value problem of Dyakonov–Tamm-wave propagation is as follows:
Suppose that the plane z = 0 is the interface between the two chosen partnering materials.
The half space z < 0 is occupied by an ordinary, isotropic, homogenous, dielectric material
with relative permittivity εiso such that Re(εiso) > 0 and Im(εiso) = 0. The half space
z > 0 is occupied by a hyperbolic, dielectric, structurally chiral material with relative
permittivity dyadic [19]
ε
ani
(z) = ε0 Sz(z)
• S
y
(χ) • (εa uˆzuˆz + εb uˆxuˆx + εc uˆyuˆy) • S
−1
y
(χ) • S−1
z
(z) , (1)
where the direction of nonhomogeneity is parallel to the z axis; the Cartesian unit vectors
are identified as uˆx, uˆy, and uˆz; and ε0 is the permittivity of free space; the periodic
nonhomogeneity is expressed through the rotation dyadic
S
z
(z) = uˆzuˆz + (uˆxuˆx + uˆyuˆy) cos
(
hpiz
Ω
)
+ (uˆyuˆx − uˆxuˆy) sin
(
hpiz
Ω
)
, (2)
with 2Ω as the period and either h = +1 for structural right-handedness or h = −1 for
structural left-handedness; the dyadic
S
y
(χ) = (uˆxuˆx + uˆzuˆz) cosχ+ (uˆzuˆx − uˆxuˆz) sinχ+ uˆyuˆy (3)
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contains the tilt angle χ ∈ [0, pi/2] with respect to the xy plane; εa, εb, and εc are the three
z-independent eigenvalues of ε
ani
(z); and either one or two of these three eigenvalues have
negative real parts but the remainder do not.
The electromagnetic field phasors everywhere can be written as [10]
E(r) = e(z) exp [iq(x cosψ + y sinψ)]
H(r) = h(z) exp [iq(x cosψ + y sinψ)]
}
, (4)
with the unknown surface wavenumber q and unknown functions e(z) and h(z). The angle
ψ ∈ [0, 2pi) denotes the direction of propagation in the xy plane. As the procedure to obtain
and solve a dispersion equation for q, and then determine e(z) and h(z), for a specific ψ
has been described elsewhere in detail [10], it is not repeated here.
3 Numerical results and discussion
For illustrative results, we set εa = 2.26(1 + iδ), εb = 3.46(−1 + iδ), εc = 2.78(1 + iδ),
δ = 0.001, h = +1, Ω = 135 nm, χ = pi/6, and ψ = 0. Without loss of generality, we took
the isotropic partner to be free space (i.e., εiso = 1) [22]. Our search was mostly restricted
to the regime Re(q)/k0 ∈ (1, 4], where k0 is the free-space wavenumber.
At every free-space wavelength λ0 ∈ [600, 700] nm, we found three solutions q of the
dispersion equation. The solutions were organized in three branches, as shown in Fig. 1.
Thus, three distinct Dyakonov–Tamm waves differing in phase speed vph = ω/Re(q) and
propagation length ∆prop = 1/Im(q) can propagate along the x axis in the interface plane for
λ0 ∈ [600, 700] nm. Dyakonov–Tamm waves on the highest-vph branch have vph ≃ 0.935c0,
where c0 = ω/k0 is the speed of light in free space, and ∆prop ranging from ∼ 160 nm
to ∼ 200 nm. Dyakonov–Tamm waves on the lowest-vph branch have vph ranging from
∼ 0.23c0 to ∼ 0.264c0, and ∆prop ≃ 7.0 µm. Clearly from the presented data, a lower phase
speed is associated with higher attenuation along the direction of propagation.
The Dyakonov–Tamm waves on the three branches in Fig. 1 are not only dissimilar in
phase speed and propagation length, but the spatial profiles of their field along the z axis
also differ. Let us focus on the three solutions of the dispersion equation for λ0 = 635 nm.
Figure 2 presents plots of the magnitudes of the Cartesian components of e(z) and h(z) as
functions of z for the Dyakonov–Tamm wave with q = (1.0686 + i0.0006)k0, Fig. 3 for the
Dyakonov–Tamm wave with q = (1.7507+ i0.0031)k0, and Fig. 4 for the Dyakonov–Tamm
wave with q = (3.9809 + i0.0139)k0. On the isotropic side, the degree of localization of
the Dyakonov–Tamm wave to the interface is greater if Re(q) is higher. However, on the
anisotropic side of the interface, a clear dependence of localization to the interface does
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not emerge from the three figures. Indeed, of the three Dyakonov–Tamm waves, the one in
Fig. 4 is the most strongly localized to the interface, whereas the one in Fig. 3 is the most
weakly localized to the interface.
The Dyakonov–Tamm-wave-propagation phenomenon depends strongly on ψ. This is
exemplied by the plots in Fig. 5 of vph and ∆prop as functions of ψ ∈ [−90◦, 90◦] when
λ0 = 635 nm and χ = 30
◦. The solutions can be organized in six branches. One branch,
with the highest values of vph and ∆prop spans the entire angular regime ψ ∈ [−90◦, 90◦]
available for propagation. Each of the remaining five branches spans a finite range of ψ.
Although the five branches appear to be clustered together, the phase speeds range from
0.14c0 to 0.58c0 and the propagation lengths from ∼ 2 µm to ∼ 34 µm, which are quite wide
ranges. Either one or two or three Dyakonov–Tamm waves can propagate in the interface
plane at an angle ψ with respect to the x axis. Let us also note that, because of chiral
symmetry about the z axis, the solutions of the dispersion equation are the same for ψ and
ψ ± 180◦.
The Dyakonov–Tamm-wave-propagation phenomenon also depends strongly on εiso. Sup-
pose that free space, the isotropic partnering material for Figs. 2–4, were to be replaced
by a dielectric material with εiso = 2.25. Then the dispersion equation has just only two
solutions—q = (1.9227+i0.0040)k0 and q = (4.2766+i0.0150)k0—instead of the three solu-
tions for εiso = 1. The large changes between the solutions for the two values of εiso chosen
here strongly suggest the potential of Dyakonov–Tamm waves supported by a partnering
material that is hyperbolic, dielectric, and structurally chiral for optical sensing of analytes
in a prism-coupled configuration, just as both surface-plasmon-polariton waves [23] and
Tamm waves [6, 7] are being used by technoscientists.
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Figure 1: Phase speed vph and propagation length ∆prop as functions of λ0, when εiso = 1,
εa = 2.26(1 + iδ), εb = 3.46(−1 + iδ), εc = 2.78(1 + iδ), δ = 0.001, h = +1, Ω = 135 nm,
χ = pi/6, and ψ = 0. The solutions of the dispersion equation are organized in three
branches.
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Figure 2: (Color online) Normalized variations with z of the magnitudes of the Cartesian
components of e(z) and h(z) of an SPP wave when λ0 = 635 nm, εiso = 1, εa = 2.26(1+iδ),
εb = 3.46(−1 + iδ), εc = 2.78(1 + iδ), δ = 0.001, h = +1, Ω = 135 nm, χ = pi/6, and
ψ = 0. The x, y, and z-components are represented by red solid, blue dashed, and black
chain-dashed lines, respectively. For this Dyakonov–Tamm wave, q = (1.0686+ i0.0006)k0.
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Figure 3: (Color online) Same as Fig. 2, except for the Dyakonov–Tamm wave with q =
(1.7507 + i0.0031)k0.
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Figure 4: (Color online) Same as Fig. 2, except for the Dyakonov–Tamm wave with q =
(3.9809 + i0.0139)k0.
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Figure 5: (Color online) Phase speed vph and propagation length ∆prop as functions of ψ,
when λ0 = 635 nm, εiso = 1, εa = 2.26(1 + iδ), εb = 3.46(−1 + iδ), εc = 2.78(1 + iδ),
δ = 0.001, h = +1, Ω = 135 nm, and χ = 30◦. The solutions of the dispersion equation are
organized in six branches.
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